Gaussian Mixture Models



Discriminative and Generative Modeling

Discriminative models seek to learn conditional probability:
P(y|x)

/

How likely is each label y, given some set of features x

Generative models seek to learn probability distribution:
P(x)

How likely each data point x is




Generative Modeling

Use cases of generative models:
1. Generating new data: If the underlying distribution P(x) is known, then you
can sample from that distribution new data points with high probability.

Language modeling models the Most image generators model the
distribution of next tokens (words) probability distribution of images and
given some initial set of words sample new images from this distribution

2. Anomaly Detection: identify events (data points) that were very unlikely given
the underlying distribution P(x)

Credit card fraud detection requires
identifying transactions that
individuals were unlikely to make




Gaussian (Normal) Distributions

e Defined by mean u and standard deviation o

—(x-pw?
e Probability Density Function: p(x; u,0) = .

e 202

2102

For the gaussian distribution '(u = 0,02 = 1), what is |
the probability of sampling a point x = 17

i o X

@p0) = e S '1
pZ;u,o0) = e 20
1/271-0-2 3.7
1 —(2-0)?
p(2;0,1) = e 217
V2ml2

p(2) = 0.053



Some

fun gaussian(ish) distributions in the wild
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DISTRIBUTION OF MARATHON FINISH TIMES

Percentage of finishers




Likelihood

The likelihood of a dataset X and distribution D, is the probability of dataset X
being drawn from D.

Intuition: Which Distribution (orange or 10000
green) has a higher likelihood of
generating X?

Assume each data point x; is drawn
independently from D
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Maximum Likelihood Estimation
Given some dataset X, what is the most likely distribution D?
1. Assume distribution type (model class). (e.g., assume D is gaussian,

categorical, or binomial)
2. Estimate model parameters 6.
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Maximum Likelihood Estimation (MLE) & &
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MLE for Gaussian Distribution

Any guess on what MLE will give for a?
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Number of Dogs

Gaussian Mixture Distribution

Normal Distributions and Their Mixture
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Gaussian Mixture Modeling
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Useful variables and definitions

Uk, 0. parameters of k’'th gaussian distribution
wy: How much the k’th gaussian distribution contributes to the overall distribution

ZII§=1 wi =1
0 = {u, o, w}:. Parameters of mixture model

X = {x41,x5, ..., Xp}, observed dataset
z;» Which gaussian generated example x;
Probability of a single example x;

K
PGxil6) = ) PCxilzi = k,6) P(z; = kI9)
k=1
Gaussian Mixture Model Likelihood:

n n K
20X;0) = HP(xile) =ﬂz P(x;lz; = k,0)P(z; = k|6)
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Goal #1:

Assume @ is known, compute: Goal #2:
p(z; = k|x;,6) Assume z is known, compute 8 that maximizes likelihood



An Algorithm for GMMs

Initialize 8 randomly

Repeat:
Assume 6 is known, compute: p(z; = k|x;, 0):
1 _(xi_ﬂk)z
P(z; = k|x;,0) = e 20k
\ 21032

Assume z is known, compute 8 that maximizes likelihood:
Mixing Parameters: wy, = X7 z; /K
Means: Ui = W

n o e )2
Standard Deviations: o, = 2Wk*i—it) . =
i Wk I Does this feel familiar? I




Expectation Maximization (EM) Algorithm

Used for Maximum Likelihood Estimation problems with equations that cannot be
solved directly

In the case of GMMs, we have a latent variable z (which Gaussian produced a
sample) in addition to the parameters of the model (mixture coefficients and p, o)

EM alternates between an Expectation step and a Maximization step



The EM Algorithm

Step 1: Initialize model parameters to be random values

Repeat:
Expectation Step: given model parameters, compute expected latent
variables z.

Maximization Step: Given latent variables z, compute model parameters
most likely to result in z



EM Algorithm Iteration O
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Gaussian
Mixture Model
(K=3)

Source:
https://tenor.com/view/gaussian-
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Credit Card Transactions

Credit Card Transaction Patterns

All Transactions by Hour Fraud vs Normal by Hour
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